We explicitly exhibit n ÿ 1 D=2 ÿ 1 constants of motion for geodesics in the general D-dimensional Kerr-NUT-AdS rotating black hole spacetime, arising from contractions of even powers of the 2-form obtained by contracting the geodesic velocity with the dual of the contraction of the velocity with the (D ÿ 2)-dimensional Killing-Yano tensor. These constants of motion are functionally independent of each other and of the D ÿ n 1 constants of motion that arise from the metric and the D ÿ n D 1=2 Killing vectors, making a total of D independent constants of motion in all dimensions D. The Poisson brackets of all pairs of these D constants are zero, so geodesic motion in these spacetimes is completely integrable.
Primes on the sum and product symbols mean that the index is omitted. The a k and M are related to angular momentum, mass, and NUT parameters. The inverse Kerr-NUT-AdS metric has the form @ @s
ab e a e b X n 1 e e E E "EE ; (4) where the orthonormal basis vectors are e Q 1=2 @ @x ;
e 2n1 E ÿcA n ÿ1=2 @ @ n :
Kubizňák and Frolov [11] have shown that the Kerr-NUT-AdS metric possesses a (D ÿ 2)-rank Killing-Yano tensor
In the general case, a Killing-Yano tensor [12] of rank p is a p-form f that satisfies the equations f a 1 
to construct the 2nd-rank Killing tensor that can easily be shown to be
A Killing tensor [13] [14] [15] of rank r is a totally symmetric tensor K that satisfies the equations
Geodesic motion gives conserved constants from contractions of one velocity u u a e a with each of the D ÿ n n " m 1 Killing vectors @=@ k , from the contraction of two velocities with the metric, and from contractions of velocities with any Killing tensors present. With one 2nd-rank Killing tensor present that is independent of the metric (which is always a Killing tensor), one thus has D 2 ÿ n constants of motion. For n 2 or D 5, this gives a full set of D constants to make the geodesic motion integrable. However, for D > 5, it was not previously known how to find a full set of D constants of geodesic motion for the general Kerr-NUT-AdS metrics [8] , or even for the general Myers-Perry (MP) metrics [2] obtained by eliminating the NUT parameters and the cosmological constant. For earlier work on geodesic motion and Killing tensors in the MP, Kerr-(NUT)-AdS, and related metrics in higher dimensions, see [11,16 -32] .
The point of the present Letter is to show that one can obtain a full set of D independent constants in involution for geodesic motion in the general Kerr-NUT-AdS metrics, thereby making this motion completely integrable.
Briefly, the demonstration uses the fact that when the velocity is contracted with the Killing-Yano tensor of rank D ÿ 2, this gives a (D ÿ 3)-form that is covariantly constant along each geodesic. The dual of this (D ÿ 3)-form gives a 3-form that is also covariantly constant along each geodesic, as is the 2-form contraction of this 3-form with the velocity. This 2-form has at least n ÿ 1 nonzero complex-conjugate (pure imaginary) pairs of eigenvalues that give n ÿ 1 constants of motion, which we can show [33] are independent of each other and of the D ÿ n 1 constants of motion obtainable from the Killing vectors and the metric, with all of the Poisson brackets between them vanishing. Therefore, we have D independent constants of motion in involution for geodesics in the general Kerr-NUT-AdS metrics, making the geodesics completely integrable (see, e.g., [34, 35] ).
Let us write the resulting 2-form as
with components
Then since F is covariantly constant along geodesics, u c F ab;c 0, the eigenvalues of F are constants of motion. In particular, the traces of even powers of the matrix form of F are constants. (The traces of odd powers are zero because of the antisymmetry of F.)
Now let us give a formula for the new constants of motions C j that are proportional to traces of the even powers of the matrix form of F and evaluate them explicitly for the 2nd, 4th, 6th, and 8th powers. For convenience, let us use matrix notation, in which F is the antisymmetric matrix with orthonormal components F a b , K is the antisymmetric matrix with components k a b (not to be confused with a Killing tensor), Q ÿK 2 is the symmetric matrix with components Q a b ÿk a c k c b , W is the symmetric matrix with components u a u b , w TrW u c u c , P I ÿ W=w is the projection onto the hyperplane orthogonal to the velocity, and S ÿPKPKP. These matrices have the properties that P 2 P and WK 2j1 W 0 for all nonnegative integers j. Then the component Eq. (13) becomes the matrix equation
whose negative square is the symmetric matrix
One can now prove [33] that for all j,
Therefore, we get the constants of motion
where in the last expression the coefficients N j l 1 ...l j
Notice that all traces in the last line contain strictly lower powers of Q than Q j .
To write the constants of motion in tensor notation, it is convenient to define the scalars Q j that are the traces of the jth power of the matrix Q,
and the symmetric covariant tensor components Q j ab that form the tensor Q j corresponding to the jth power of the matrix Q,
For example, In particular, we get
the constant from the previously-known 2nd-rank Killing tensor given in Eq. (10), and
where the new 4th-rank Killing tensor has components (23) and gives the 
with the corresponding 8th-rank Killing tensor being
For a spacetime with D 2n " dimensions, we get D ÿ n n " constants of motion from the D ÿ n Killing vectors and one constant of motion, w u u, from the metric Killing tensor. Therefore, we need C j up through j n ÿ 1 to give the remainder of the D constants of motion.
We can explicitly show [33] that all of these D constants of motion are independent of each other, as functions of the velocity components u a , by calculating the Jacobian of this transformation. When all of the first n velocity components are nonzero, and at a generic point of the manifold where none of the x 2 's coincide (which would actually give a coordinate singularity if any did coincide), we find that the Jacobian is nonzero. Key to the proof is the fact that in the constant C j , the coefficient of TrQ j W, given explicitly in Eq. (17) , is nonzero, as well as the fact that the n pairs of eigenvalues of the matrix Q, namely, the x 2 's, are all different when none of the x 2 's coincide. Therefore, the TrQ j W term for each higher j up to n ÿ 1 gives a function of the velocity components that is independent of any of the terms with lower j. We can also prove [33] that the Poisson bracket between any pair of these D constant vanishes, so these constants are in involution, a PRL 98, 061102 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending 9 FEBRUARY 2007 sufficient condition for the integrable motion to be completely integrable (see, e.g., [34, 35] ).
In summary, we have shown that geodesic motion is completely integrable for all Kerr-NUT-AdS metrics [8] in all dimensions and with arbitrary rotation and NUT parameters. However, this has not enabled us (at least yet) to separate the Hamilton-Jacobi, Dirac, and Klein-Gordon equations.
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Note added.-For further recent work on this subject, including separation of the Hamilton-Jacobi and KleinGordon equations, see [36, 37] . 
